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The quantum Rabi model is a widespread description for the coupling between a two-level system
and a quantized single mode of an electromagnetic resonator. Issues about this model’s gauge
invariance have been raised. These issues become evident when the light-matter interaction reaches
the so-called ultrastrong coupling regime. Recently, a modified quantum Rabi model able to provide
gauge-invariant physical results in any interaction regime was introduced [Nature Physics 15, 803
(2019)]. Here we provide an alternative derivation of this result, based on the implementation
in two-state systems of the gauge principle, which is the principle from which all the fundamental
interactions in quantum field theory are derived. The adopted procedure can be regarded as the two-
site version of the general method used to implement the gauge principle in lattice gauge theories.
Applying this method, we also obtain the gauge-invariant quantum Rabi model for asymmetric
two-state systems, and the multi-mode gauge-invariant quantum Rabi model beyond the dipole
approximation.
I. INTRODUCTION
The ultrastrong and deep-strong coupling (USC and
DSC) between individual or collections of effective two-
level systems (TLSs) and the electromagnetic field has
been realized in a variety of settings [1, 2]. In these ex-
treme regimes of quantum light-matter interaction, the
coupling strength becomes comparable to (USC) or larger
than (DSC) the transition frequencies of the system.
Recently, it has been argued that truncations of the
atomic Hilbert space, to obtain a two-level description
of the matter system, violate the gauge principle [3–5].
Such violations become particularly relevant in the USC
and DSC regimes. In particular, De Bernardis et al. [3]
shows that, while in the electric dipole gauge, the two-
level approximation can be performed as long as the Rabi
frequency remains much smaller than the energies of all
higher-lying levels, it can drastically fail in the Coulomb
gauge, even for systems with an extremely anharmonic
spectrum.
The impact of the truncation of the Hilbert space of
the matter system to only two states was also studied by
Stokes and Nazir [4], by introducing a one-parameter (α)
set of gauge transformations. The authors found that
each value of the parameter produces a distinct quantum
Rabi model (QRM), providing distinct physical predic-
tions. Investigating a matter system with a lower an-
harmonicity (with respect to that considered in Ref. [3]),
they use the gauge parameter α as a sort of fit parameter
∗ corresponding author: ssavasta@unime.it
to determine the optimal QRM for a specific set of sys-
tem parameters, by comparing the obtained α-dependent
lowest energy states and levels with the corresponding
predictions of the non-truncated gauge invariant model.
The surprising result is that, according to this proce-
dure, in several circumstances the optimal gauge is the
so-called Jaynes-Cummings (JC) gauge, a gauge where
the counter-rotating terms are automatically absent.
Recently, the source of gauge violation has been iden-
tified, and a general method for the derivation of light-
matter Hamiltonians in truncated Hilbert spaces able to
produce gauge-invariant physical results has been devel-
oped [6] (see also related work [7–9]). This gauge in-
variance was achieved by compensating the non-localities
introduced in the construction of the effective Hamilto-
nians. The resulting quantum Rabi Hamiltonian in the
Coulomb gauge differs significantly from the standard
one, but provides exactly the same energy levels obtained
by using the dipole gauge, as it should be, because phys-
ical observable quantities must be gauge invariant. A re-
cent overview of these gauge issues in TLSs can be found
in Ref. [10].
Very recently, the validity of the gauge invariant QRM
developed in Ref. [6] has been put into question by Stokes
and Nazir [5]. Specifically, it is claimed that the results in
Ref. [6] are not correct, and the truncation of the Hilbert
space necessarily ruins gauge-invariance.
Here we present a detailed derivation of the results in
Ref. [6] with an alternative, more direct and fundamen-
tal method. In our opinion, this approach demonstrates
that the results in Ref. [6] [Eqs. (8) and (9) in particular]
are indeed correct, and moreover, represent the imple-
mentation in a fully consistent and physically meaning-
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2ful way of the fundamental gauge principle in two-state
systems. The derivation described here can be regarded
as the two-site version of the general method for lattice
gauge theories [11]. These represent the most advanced
and commonly used tool for describing gauge theories in
the presence of a truncated infinite-dimensional Hilbert
space. When a gauge theory is regularized on the lattice,
it is vital to maintain its invariance under gauge transfor-
mations [11]. An analogous approach has been developed
as early as 1933 [12] for the description of tightly-bound
electrons in a crystal in the presence of a slowly-varying
magnetic vector potential (see, e.g., also Refs. [13–15]).
Applying this method, we also obtain the multi-mode
gauge-invariant QRM beyond the dipole approximation.
The derivation presented here in Sect. IV, we believe,
is already sufficient to eliminate any concerns about the
validity of the results in Ref. [6]. However, in Sect. V, we
also provide a reply to the key points raised by Stokes
and Nazir [5].
II. THE GAUGE PRINCIPLE
In this section, we recall some fundamental concepts,
which we will apply in the next sections.
In quantum field theory, the coupling of particles with
fields is constructed in such a way that the theory is in-
variant under a gauge transformation [16]. Here, we limit
the theoretical model to consider U(1) invariance. This
approach can be generalized to introduce non-abelian
gauge theories [11, 16].
Let us consider the transformation of the particle field
ψ → eiqθψ. This transformation represents a symme-
try of the free action of the particle (e.g., the Dirac ac-
tion) if θ is a constant, but we want to consider a generic
function θ(x) (local phase transformation). However, the
free Dirac action is not invariant under local phase trans-
formations, because the factor eiqθ(x) does not commute
with ∂µ. At the same time, it is known that the action of
the free electromagnetic field is invariant under the gauge
transformation:
Aµ → Aµ − ∂µθ . (1)
It is then possible to replace, in the action, the derivative
∂µ with a covariant derivative of ψ as
Dµψ = (∂µ + iqAµ)ψ , (2)
so that
Dµψ → eiqθDµψ , (3)
even when θ depends on x. It is now easy to construct
a Lagrangian with a local U(1) invariance. It suffices to
replace all derivatives ∂µ with covariant derivatives Dµ.
The same procedure, leading to the well-known mini-
mal coupling replacement, can be applied to describe the
interaction of a non-relativistic particle with the electro-
magnetic field. Considering a particle of mass m with
a geometrical coordinate x and a potential V (x), the
Hamiltonian of such a particle interacting with the elec-
tromagnetic field can be written as
Hˆgi0 =
1
2m
[pˆ− qA(x)]2 + V (x) , (4)
where pˆ = −id/dx is the momentum of the particle
(here ~ = 1). It turns out that the expectation values
〈ψ|Hˆgi0 |ψ〉 are invariant under local phase transforma-
tions,
ψ(x)→ eiqθ(x)ψ(x) , (5)
thanks to the presence of the gauge field A(x).
Note that the function of a continuous degree of free-
dom ψ(x) lives in the infinite-dimensional space of all
square-integrable functions, and the local phase trans-
formation transforms a state vector in this space into a
different vector in the same space. Finally, we observe
that the total Hamiltonian, in addition to Hˆgi0 , includes
the free Hamiltonian for the gauge field.
III. DOUBLE-WELL SYSTEMS IN THE
TWO-STATE LIMIT
The problem of a quantum-mechanical system whose
state is effectively restricted to a two-dimensional Hilbert
space is ubiquitous in physics and chemistry [17]. In the
simplest examples, the system simply possesses a degree
of freedom that can take only two values. For example,
the spin projection in the case of a nucleus of spin-1/2 or
the polarization in the case of a photon. Besides these
intrinsically two-state systems, a more common situation
is that the system has a continuous degree of freedom x,
for example, a geometrical coordinate, and a potential
energy function V (x) depending on it, with two separate
minima [17] (see Fig. 1). Let us assume that the barrier
height V is large enough that the system dynamics can be
adequately described by a two-dimensional Hilbert space
spanned by the two ground states in the two wells |L〉
and |R〉.
The motion in the two-dimensional Hilbert space can
be adequately described by the simple Hamiltonian:
Hˆ0 =
∑
j=L,R
Ej |j〉〈j| − t (|R〉〈L|+ h.c.) , (6)
where the tunneling coefficient is given by t = 〈L|Hˆ0|R〉,
and
Hˆ0 =
pˆ2
2m
+ V (x) (7)
is the usual system Hamiltonian.
If the potential is an even function of the geometrical
coordinate, V (x) = V (−x) (see Fig. 2), EL = ER, and
we can fix EL = ER = 0. Introducing the Pauli operator
ρˆx = |L〉〈R|+ h.c., we obtain
Hˆ0 = −tρˆx , (8)
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Figure 1. A double-well system in the two-state limit.
The symbols E0 and E1 are the two lowest-energy levels, well
separated in energy by the next higher energy level E2. Panel
(a) also shows the square modulus of the two wavefunctions
localized in the well, obtained as linear combinations of the
two lowest energy wavefunctions displayed in panel (b).
whose eigenstates, delocalized in the two wells, are the
well-known symmetric- and antisymmetric combinations
(see Fig. 2b),
|S〉 = 1√
2
(|R〉+ |L〉) ,
|A〉 = 1√
2
(|R〉 − |L〉) , (9)
with eigenvalues EA,S = ±t, so that ∆ = EA −ES = 2t,
where we assume t > 0. The Hamiltonian in Eq. (6) can
be written in diagonal form as
Hˆ0 = (∆/2)σˆz , (10)
where σˆz = −ρˆx = |A〉〈A| − |S〉〈S|. Note, to distin-
guish between the different basis states for the operator
representations, we use σˆi for the |A〉−|S〉 basis, and ρˆi
for the |L〉−|R〉 basis. Thus, for example, the diagonal
σˆz operator becomes of nondiagonal form in the |L〉−|R〉
basis.
It is worth noticing that this elementary analysis is not
restricted to the case of a double-well potential. Analo-
gous considerations can be carried out for systems with
different potential shapes, displaying two (e.g., lowest
energy) levels well separated in energy from the next
higher level. The wavefunctions ψL(x) = 〈x|L〉 and
ψR(x) = 〈x|L〉 can be obtained from the symmetric and
antisymmetric combinations of ψS(x) and ψA(x) (see
Fig. 1), which can be obtained exactly as the two low-
est energy eigenfunctions of the Schrödinger problem de-
scribed by the Hamiltonian in Eq. (7). The gap ∆ = 2t
is obtained from the difference between the correspond-
ing eigenvalues. This two-state tunneling model is a well
known formalism to describe many realistic systems, in-
cluding the ammonia molecule, coupled quantum dots,
and superconducting flux-qubits.
The case of a potential of the effective particle which
does not display inversion symmetry can also be easily
addressed. For example, an asymmetric double well po-
tential, as shown in Fig. 1, can be considered. In this
case, Eq. (6) can be expressed as
Hˆ0 = 
2
ρˆz − ∆
2
ρˆx . (11)
The quantity  is the detuning parameter, that is, the
difference in the ground-state energies of the states lo-
calized in the two wells in the absence of tunneling.
The Hamiltonian in Eq. (11) can be trivially diagonal-
ized with eigenvalues ±ωq/2, where ωq =
√
∆2 + 2.
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Figure 2. A symmetric double-well system in the two-
state limit. The symbols E0 and E1 are the two lowest-
energy levels, well separated in energy by the next higher
energy level E2. Panel (a) also shows the square modulus
of the two wavefunctions localized in the well, obtained as
symmetric and antysimmetric combinations of the two lowest
energy wavefunctions displayed in panel (b).
IV. THE GAUGE PRINCIPLE IN TWO-LEVEL
SYSTEMS
The question arises if it is possible to save the gauge
principle when, under the conditions described above,
such a particle is adequately described by states confined
in a two-dimensional complex space. If we apply an arbi-
trary local phase transformation to, e.g., the wavefunc-
tion ψA(x) = 〈x|A〉: ψA(x) → ψ′A(x) = eiqθ(x)ψA(x), it
4happens that, in general, ψ′A(x) 6= cSψS(x) + cAψA(x),
where cA and cS are complex coefficients. Thus the
general local phase transformation does not guarantee
that the system can still be described as a two state
system. According to this analysis, those works claim-
ing gauge non-invariance due to material truncation in
ultrastrong-coupling QED [3–5] (we would say at any cou-
pling strength, except negligible), at first sight, might
appear to be correct.
The direct consequence of this conclusion would be
that two-level models, widespread in physics and chem-
istry, are too simple to implement their interaction with
a gauge field, according to the general principle from
which the fundamental interactions in physics are ob-
tained. Since adding to the particle system description
a few additional levels does not change this point, the
conclusion is even more dramatic. Moreover, accord-
ing to Stokes and Nazir [4, 5], this leads to several non-
equivalent models of light-matter interactions providing
different physical results. One might then claim the death
of the gauge principle and of gauge invariance in trun-
cated Hilbert spaces, namely in almost all cases where
theoreticians try to provide quantitative predictions to
be compared with experiments.
Our view is drastically different: we find that the
breakdown of gauge invariance is the direct consequence
of the inconsistent approach of reducing the information
(Hilbert space truncation) on the effective particle, with-
out accordingly reducing the information, by the same
amount, on the phase θ(x) determining the transforma-
tion in Eq. (5). In physics, the approximations must be
done with care. These must be consistent.
We start by observing that the two-state system de-
fined in Eq. (6) still has a geometric coordinate, which
however can assume only two values: xj (with j = L,R),
that we can approximately identify with the position of
the two minima of the double-well potential. More pre-
cisely, and more generally, they are:
xR = 〈R|x|R〉 ,
xL = 〈L|x|L〉 . (12)
Here, parity symmetry implies xL = −xR. In the fol-
lowing we will use the shorthand 〈R|x|R〉 = a/2. Hence,
the operator describing the geometric coordinate can be
written as [17] X = (a/2)ρˆz, where ρˆz ≡ |R〉〈R|− |L〉〈L|.
We observe that the terms proportional to t in the
Hamiltonian in Eq. (6) or Eq. (8), implies that these
can be regarded as nonlocal Hamiltonians, i.e., with
an effective potential depending on two distinct coordi-
nates. Nonlocality here comes from the hopping term
t = 〈R|Hˆ0|L〉, which is determined by the interplay of
the kinetic energy term and of the potential energy in
Hˆ0.
It is clear that the consistent and meaningful local
gauge transformation corresponds to the following trans-
formation
|ψ〉 = cL|L〉+ cR|R〉 → |ψ′〉 = eiqθLcL|L〉+ eiqθRcR|R〉 ,
(13)
where |ψ〉 is a generic state in the two-dimensional
Hilbert space, and θj are arbitrary real valued param-
eters.
It is easy to show that the expectation values of Hˆ0 are
not invariant under the local transformation in Eq. (13).
They are only invariant under a uniform phase change:
|ψ〉 → eiqθ|ψ〉. However, one can introduce in the Hamil-
tonian field-dependent factors that compensate the dif-
ference in the phase transformation from one point to
the other. Specifically, following the general procedure of
lattice gauge theory, we can consider the parallel trans-
porter (a unitary finite-dimensional matrix), introduced
by Kenneth Wilson [11, 18, 19],
Uxk+a,xk = exp
[
iq
∫ xk+a
xk
dxA(x)
]
, (14)
where A(x) is the gauge field. After the gauge transfor-
mation of the field, A′(x) = A(x)+dθ/dx, the transporter
transforms as
U ′xk+a,xk = e
iq θ(xk+a)Uxk+a,xke
−iq θ(xk) . (15)
This property can be used to implement gauge invariant
Hamiltonians in two-state systems.
A. Symmetric two-state systems
Introducing properly the parallel transporter in
Eq. (14) into Eq. (8), we obtain a gauge-invariant two-
level model:
Hˆgi0 = −t |R〉〈L|UxR,xL + h.c. . (16)
Gauge invariance can be directly verified:
〈ψ′| (|R〉〈L|U ′xR,xL + h.c.) |φ′〉 =
〈ψ| (|R〉〈L|UxR,xL + h.c.) |φ〉 ,
where |ψ〉 and |φ〉 are two generic states in the vector
space spanned by |L〉 and |R〉. By neglecting the spatial
variations of the field potential A(x) on the distance a =
xR − xL, (dipole approximation). The Hamiltonian in
Eq. (16) can be written as
Hˆgi0 = −t |R〉〈L| eiqaA + h.c. . (17)
Using Eq. (9) and the Euler formula, it can be easily ver-
ified that the Hamiltonian in Eq. (17) can be expressed
using the diagonal basis of Hˆ0, as
Hˆgi0 =
∆
2
[σˆz cos (qaA) + σˆy sin (qaA)] , (18)
where σˆy = −i (|A〉〈S| − |S〉〈A|). Using Eq. (9) and
Eq. (12), then
qa/2 = q〈A|x|S〉 . (19)
This precisely coincides with the transition matrix ele-
ment of the dipole moment as in Ref. [6].
5Considering a quantized field Aˆ, the total light-matter
Hamiltonian also contains the free-field contribution:
Hˆ = ∆
2
[
σˆz cos (qaAˆ) + σˆy sin (qaAˆ)
]
+ Hˆph . (20)
For the simplest case of a single-mode electromag-
netic resonator, the potential can be expanded in terms
of the mode photon destruction and creation operators.
Around x = 0, Aˆ = A0(aˆ + aˆ†), where A0 (assumed
real) is the zero-point-fluctuation amplitude of the field
in the spatial region spanned by the effective particle.
We also have: Hˆph = ωphaˆ†aˆ, where ωph is the resonance
frequency of the mode. It can be useful to define the
normalized coupling strength parameter [6]
η = q(a/2)A0 , (21)
so that Eq. (20) can be written as
Hˆ = ∆
2
{
σˆz cos [2η(aˆ+ aˆ
†)] + σˆy sin [2η(aˆ+ aˆ†)]
}
+ ωphaˆ
†aˆ . (22)
Using the relations ρˆz ≡ |R〉〈R| − |L〉〈L| = |A〉〈S| +
|S〉〈A| ≡ σˆx, the Hamiltonian in Eq. (16) can also be
expressed as
Hˆ = UˆHˆ0Uˆ† , (23)
where
Uˆ = exp (iqaAˆσˆx/2) . (24)
Equations (23) and (24) coincide with Eqs. (8) and (9)
of Ref. [6], which represents the main results.
It is also interesting to rewrite the coordinate-
dependent phase transformation in Eq. (13) as the appli-
cation of a unitary operator on the system states. Defin-
ing φ = (θR + θL)/2 and θ = (θR − θL)/2, Eq. (13) can
be written as
|ψ〉 → |ψ′〉 = eiqφeiqθσˆx |ψ〉 . (25)
This shows that the coordinate-dependent phase change
of a generic state of a TLS is equivalent to a global phase
change, which produces no effect, plus a rotation in the
Bloch sphere, which can be compensated by introducing
a gauge field as in Eq. (23). Notice also that Eq. (25)
coincides with the result presented in the first section of
the Supplementary Information of Ref. [6], obtained with
a different, but equivalent approach.
In summary, the method presented here can be re-
garded as the two-site version (with the additional dipole
approximation) of the general method for lattice gauge
theories [11], which represents the most advanced and so-
phisticated tool for describing gauge theories in the pres-
ence of truncation of infinite-dimensional Hilbert spaces.
These results eliminate any concern about the validity
of the results presented in Ref. [6], raised by Stokes and
Nazir [5].
We conclude this subsection by noting that Eq. (16)
can be also used, without applying the dipole approxima-
tion, to obtain the (multi-mode) gauge-invariant quan-
tum Rabi model beyond the dipole approximation. Specif-
ically, without applying the dipole approximation to
Eq. (16), after the same steps to obtain Eq. (22), we ob-
tain
Hˆ = ∆
2
[
σˆz cos
(
q
∫ xR
xL
dx Aˆ(x)
)
+ σˆy sin
(
q
∫ xR
xL
dx Aˆ(x)
)]
+ Hˆph . (26)
One interesting consequence of this result is that it in-
troduces a natural cut-off for the interaction of high en-
ergy modes of the electromagnetic field with a TLS. In
particular, owing to cancellation effects in the integrals
in Eq. (26), the resulting coupling strength between the
TLS and the mode goes rapidly to zero when the mode
wavelength becomes shorter than a/2 = 〈A|x|S〉.
It is worth noticing that this derivation of the gauge-
invariant QRM does not require the introduction of an
externally controlled two-site lattice spacing, in contrast
to general lattice gauge theories. In the present case, the
effective spacing a between the two sites is only deter-
mined by the transition matrix element of the position
operator between the two lowest energy states of the ef-
fective particle, a = 2〈A|x|S〉, which in turn determines
the dipole moment of the transition, qa/2.
B. Asymmetric two-state systems
The results in this section can be directly generalized
to also address the case of a potential of the effective par-
ticle which does not display inversion symmetry. It has
been shown that the interaction (in the USC and DSC
limit) of these TLSs (without inversion symmetry) with
photons in resonators can lead to a number of interest-
ing phenomena [20–26]. In this case, Eq. (11) provides
the bare TLS Hamiltonian. Note that the first term in
Eq. (11) is not affected by the two-state local phase trans-
formation in Eq. (13), hence the gauge invariant version
of Eq. (11) can be written as
Hˆgi0 =

2
ρˆz − ∆
2
(|R〉〈L|UxR,xL + h.c.) , (27)
which, in the dipole approximation, reads:
Hˆgi0 =

2
ρˆz − ∆
2
(|R〉〈L| eiqaA + h.c.) . (28)
This can be expressed as
Hˆgi0 =

2
ρˆz − ∆
2
[ρˆx cos (qaA)− ρˆy sin (qaA)] , (29)
which can also be written in the more compact form
Hˆgi0 = UˆHˆ0Uˆ† , (30)
6where
Uˆ = exp [iqaAρˆz/2] . (31)
Equations (30) and (31) represent the minimal cou-
pling replacement for TLS, derived directly from the fun-
damental gauge principle.
We observe that the operator Xˆ = aρˆz/2 represents the
geometrical-coordinate operator for the two-state system,
with eigenvalues ±a/2. The Hamiltonian in Eq. (29) can
be directly generalized beyond the dipole approximation
with the following replacement:
aA→
∫ a/2
−a/2
dxA(x) . (32)
Considering a single-mode electromagnetic resonator,
the total Hamiltonian becomes
Hˆ = ωphaˆ†aˆ+ 
2
ρˆz (33)
− ∆
2
{
ρˆx cos
[
2η(aˆ+ aˆ†)
]− ρˆy sin [2η(aˆ+ aˆ†)]} .
Since the operator Xˆ is the position operator in the
two-state space, the unitary operator Uˆ† = Tˆ also corre-
sponds to the operator which implements the PZW uni-
tary transformation [27], leading to the dipole-gauge rep-
resentation,
Hˆd = Uˆ†HˆUˆ = ωphaˆ†aˆ+ 
2
ρˆz − ∆
2
ρˆx
− iηωph(aˆ− aˆ†)ρˆz + η2Iˆ , (34)
where we used: ρˆ2z = Iˆ, where I is the identity operator
for the two-state system. Note that Hˆd coincides with
the Hamiltonian describing a flux qubit interacting with
an LC oscillator [24].
V. DISCUSSION
In Sect. IV, we have derived from first principles the
general QRM for TLSs. The results presented in Sect. IV
exactly coincide with those obtained by Di Stefano et
al. [6] for symmetric TLSs and in the dipole approxima-
tion. This derivation is already sufficient to eliminate
any concern about the validity of the results in Ref. [6],
recently raised Stokes and Nazir [5]. However, for com-
pleteness, here we address some of the specific criticisms
that were raised.
A. The main issue raised by Stokes and Nazir in
Ref. [5]
The gauge-invariant approaches developed in Sect. IV,
and also in Ref. [6], are in contrast with the point of view
adopted by Stokes and Nazir [4, 5]. According to them,
gauge non-invariance is a necessary implication of the
truncation of the Hilbert space of the material system.
Moreover, it was claimed [5] that the approach proposed
in Ref. [6] rests on an incorrect mathematical assertion
and so does not resolve gauge non-invariance.
We have shown in Sect. IV, not only that the gauge-
invariant QRM developed in Ref. [6] is correct, but also
that it fits well in the spirit of lattice gauge theories ini-
tiated by Kenneth Wilson [11]. Hence it is clear that
the claims in Refs. [4, 5] – that gauge non-invariance is
a necessary implication of the truncation of the Hilbert
space of the material system – are not correct.
Consistent with our approach, lattice gauge theories
show that it is vital to maintain the gauge invariance of a
theory after reducing the infinite amount of information
associated to a continuous coordinate [11], contrary to
the claims of Stokes and Nazir [4, 5].
In this section, we will also show that the method and
the assumptions adopted in Ref. [6] to obtain a gauge
invariant QRM and a general method to preserve gauge
invariance in truncated Hilbert spaces are correct.
The apparent proof that the results in Ref. [6] rests on
an incorrect mathematical assertion and does not resolve
gauge non-invariance is presented in the section entitled
“Material truncation”.
According to the authors [5], the main issue is that
Ref. [6] tacitly and incorrectly equates
Pˆ exp (iqxAˆ)Pˆ = exp [iq(Pˆ xPˆ )Aˆ] , (35)
where Pˆ is the projection operator for the TLS. Since,
they argue, Pˆ 6= Iˆ (here Iˆ indicates the identity oper-
ator), in general, if f(Oˆ) is a nonlinear function of a
Hermitian operator Oˆ, we have Pˆ f(Oˆ)Pˆ 6= f(Pˆ OˆPˆ ).
Here, the key point from which all the criticisms de-
scend, simply, is that Ref. [6] assumes Pˆ = Iˆ, while, ac-
cording to Stokes and Nazir [5], Pˆ 6= Iˆ. Specifically, the
results in Ref. [6], rely on the deliberate decision to treat
the effective particle like a TLS, with its own identity.
This is very clearly stated already below Eq. (5). Quot-
ing directly from Ref. [6]: “Pˆ = |0〉〈0|+ |1〉〈1| is the TLS
identity operator”. Clearly Pˆ is an operator with a 2× 2
matrix representation. On the contrary, in Ref. [5], and
using their different operator notation, P is an infinite-
dimensional operator. From our perspective, the Hilbert
space truncation occurs once and definitely. Moreover,
once the matter system is described by a two-state sys-
tem, any meaningful operator must act on this space and
hence, it has a 2×2 matrix representation, and the prop-
erties of the identity operators can be legitimately used.
As a consequence, operations like, e.g., Oˆ2 = (Pˆ OˆPˆ )2
are perfectly correct, in contrast to Oˆ2 = (Pˆ OˆPˆ )2, with
Pˆ defined as in Ref. [5].
References [4, 5] both consider the two-level approxi-
mation in a partial and (in our view) inconsistent man-
ner, with operators that repeatedly can bring the system
in and out of the “two-level" system. Thus, strictly speak-
ing, they do not have a rigorous two-level system, but one
7coupled to other external levels. This unfortunate mix-
up destroys gauge invariance as they show in their plots
in Ref. [4].
In order to distinguish between the two different def-
initions of projection operators, from now on, we will
indicate the projection operators as defined in Ref. [6]
using calligraphic symbols. Reference [6] starts by using
(specifying it from the beginning) Pˆ ≡ Iˆ already when
deriving the dipole-gauge Rabi Hamiltonian in Eq. (5),
before presenting the main result [6]. A consequence of
this choice, is that the equivalence PˆUˆ(x)Pˆ = Uˆ(PˆxPˆ) is
legitimate. This result is obtained by expanding Uˆ(x) in
a Taylor series and then using for each term the relation
PˆxnPˆ = (PˆxPˆ)n, which can be easily obtained using
the properties of identity operators. This procedure is
described in detail at the beginning of the Section I of
the Supplementary Material of Ref. [6] for a generic op-
erator Dˆ(θ) = eiqθ(x).
In summary, Stokes and Nazir [5] strongly criticizes
the consequences of the choice Pˆ ≡ Iˆ. They explain that
for a non-linear function f , [see Eq. (20)], Pˆ f(Oˆ)Pˆ 6=
f(Pˆ OˆPˆ ), which is of course correct if Pˆ is not the iden-
tity operator. However, we are surprised to see that,
a few lines before Eq. (20), Ref. [5] seems to contra-
dict itself, by using Pˆ f(Oˆ)Pˆ = f(Pˆ OˆPˆ ) to derive their
Eq. (17). Specifically, following the procedure introduced
in Ref. [4], Stokes and Nazir [5] start from the non-
truncated total Hamiltonian Hα. Then, they apply the
projection operator P to obtain their standard α-gauge
two-level model. However, they treat in a different way
the free atomic Hamiltonian Hm and the light-matter in-
teraction term Vα. Specifically, they apply the first pro-
jection operator as PHmP , but instead of applying the
same procedure to the interaction term: Vα → PVαP ,
they use the non-equivalent (according to their defini-
tion of P ) truncation: Vα(x, p)→ Vα(PxP, PpP ). Since
Vα(x, p) is a non-linear function of x (it contains a
quadratic term), it is not at all clear why the authors
used Vα(PxP, PpP ), instead of PVα(x, p)P .
The same procedure is also adopted and briefly de-
scribed by Stokes and Nazir in Ref. [4] (see the Methods
section in particular). Below Eq. (12), (which is the same,
in a slightly different notation of Eq. (16) in Ref. [5]),
the authors write:
“If the interaction Hamiltonian V α is linear in r and pα
then the two-level model Hamiltonian can also be written
Hα2 = P
αHPα. This is not the case forH in Eq. (11) due
to the “dˆ2" term, which demonstrates the availability of
different methods for deriving truncated models. Here we
adopt the approach most frequently encountered in the
literature, and outline other methods in Supplementary
Note 2.”
In summary, not only do Stokes and Nazir [5] use what
a few lines below claim to be absolutely wrong, but, in a
closely related work, the same authors also admit, after
using this procedure, that it is “frequently encountered
in the literature”.
B. Gauge-ambiguities
Stokes and Nazir [5] (see also Ref. [28]) also point
out that gauge-ambiguities are much broader than gauge
non-invariance that results from an approximation. Ac-
cording to these references, subsystem predictions vary
significantly with the gauge relative to which the subsys-
tems are defined independent of model approximations.
Although it is true that features such as, e.g., the
amount of light-matter entanglement and of bare exci-
tations in the system eigenstates, are gauge-relative, in
our opinion, this statement can be misleading and re-
quires some comment. In particular, we observe that, as
described in detail in Ref. [7], the approach developed
in Ref. [6] can be applied to remove gauge ambiguities
in all the experimentally observable quantities including
the detectable light-matter entanglement in the ground
state of cavity-QED systems, even in the presence of
Hilbert space truncation. This is one of the main results
of Ref. [7]. The main point here is that measurements (as,
e.g., experimental clicks or transmission amplitudes) are
numbers that do not care about our gauge discussions.
Therefore, if our approximations are applied consistently,
as theoreticians, we should provide these numbers. As
theoreticians, we can play with different representations,
but all of them must be consistent and unambiguous.
Reference [7] shows that this is the case even under ex-
treme conditions, as in the presence of deep ultrastrong
light-matter interactions and/or non-adiabatic ultrafast
switches of the interaction. These theories work well even
in the presence of relevant approximations, if these are
carried out in a consistent manner.
C. Other points raised by Ref. [5]
• Bloch sphere rotation
According to Stokes and Nazir [5], the models actually
analysed in Ref. [4] are Bloch sphere rotations of the
multipolar QRM.
As a matter of fact, the light-matter interaction is in-
troduced, at a fundamental level, by invoking the gauge
principle. This leads to the minimal coupling replace-
ment. Then, a gauge (unitary) transformation can be ap-
plied to obtain the multipolar gauge Hamiltonian, which
acquires a simple form in the dipole approximation. In
Sect. I of the Supplementary Material of Ref. [6], it is
explained how the results in Ref. [6] are indeed able to
satisfy the gauge principle. Results in Sect. IV confirm
this result in a very clear and precise way. Hence, from
a fundamental point of view, the opposite is true: The
multipolar QRM works fine because it is a Bloch sphere
rotation (as required by gauge invariance in TLSs) of the
Hamiltonian in Eqs. (8) and (9) of Ref. [6].
As a final remark on this point, we observe that in
the Coulomb gauge and using the QRM of Ref. [6], the
electric field operator can be expanded in terms of cre-
ation and destruction photon operators, as in the not-
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ory (in the absence of interactions). On the contrary, af-
ter the gauge transformation in the multipolar QRM, the
electric field operator also contains contributions from
the atomic dipole, as a consequence of the PZW trans-
formation. This is shown in detail in Ref. [7]. This view
is further confirmed by Eq. (16) here, which can be used
to derive the QRM beyond the dipole approximation in
Eq. (26). A result that, to our knowledge, has never been
obtained, so far within any gauge, including the multi-
polar gauge.
• Non-equivalent models
Stokes and Nazir [5] state:, “the idea of Ref. [4] (here
Ref. [6]) to define two-level model gauge transformations
as projections of gauge-fixing transformations does not
resolve gauge non-invariance, because it does not produce
equivalent models.” The authors refuse our choice to
regard the operator Pˆ as the identity operator for the
two-level space, although it seems that they also use it
[4, 5] (see Sec. V). Then, they realize [5] that refusing this
implies that gauge non-invariance in truncated Hilbert
spaces cannot be resolved. This is not surprising, since
in Sect. I of the Supplementary Material of Ref. [6], it
has been shown that the gauge principle is satisfied using
repeatedly the properties of the identity operator.
In our view, the conclusion reached in Ref. [5] is a
direct consequence of an inconsistent choice attributed
to Ref. [6]. Sect. IV here further confirms that only the
choice Pˆ = Iˆ can produce a gauge invariant theory in the
spirit of lattice gauge theories.
D. Some consequences of renouncing gauge
invariance
The consequence of the only possible choice, accord-
ing to Refs. [4, 5], is that the gauge principle cannot
be implemented in truncated Hilbert spaces, and gauge
transformations provide non-equivalent light-matter in-
teraction models. Since this remains true beyond TLSs,
and since almost every practical calculation involving
field-matter interactions is carried out cutting the infi-
nite amount of information provided by exact infinite-
dimensional Hilbert spaces, the unpleasant conclusion of
Stokes and Nazir [4, 5] is that gauge invariance and the
gauge principle do not work in most practical cases. Nat-
urally, this would be a huge problem, not only in cavity
QED, but also for a wide range of calculations, including
the transport and optical properties of solids, especially
in the presence of strong fields, and for the broad field
of lattice gauge theories in quantum field theory and in
condensed matter many-body quantum physics [11]. As
shown, e.g., in Refs. [12–15, 18, 19], [11] and references
therein, luckily this is not the case (see also Sect. IV).
VI. ON THE EXISTENCE OF
SYSTEM-DEPENDENT OPTIMAL QUANTUM
RABI MODELS
In Stokes and Nazir’s Ref. [5], and also in their Ref. [4],
the authors correctly admit that the dipole gauge is op-
timal when the anharmonicity is high. However, a sys-
tem with high anharmonicity is just, as also discussed
in Ref. [6], a system where the two level truncation can
be safely performed, even in the presence of very high
light-matter coupling strength.
On the contrary, when the anharmonicity, µ (with
µ = (ω2,1 − ω1,0)/ω10) is of the same order or lower
than the normalized light-matter interaction strength η
(i.e., µ ∼ η), the two level approximation becomes unreli-
able, because the detuning between the cavity frequency
and the additional atomic transition frequencies becomes
comparable with the coupling strength. This trivial and
well-known issue has been described in detail in Sect. V
of the Supplementary Information of Ref. [6].
In addition, if a strong positive detuning between the
cavity-mode resonance frequency and the two-level tran-
sition frequency is considered, the coupling of additional
atomic transitions with the cavity photons becomes even
more relevant, and the two-level approximation becomes
pointless. Indeed, this is the situation corresponding to
a number of plots in Ref. [4].
Ref. [5], citing Ref. [4], explains that the multipolar-
gauge (what we call dipole-gauge) does not work when
the material system is an harmonic oscillator. In Ref. [4]
the same concept is explained as: “We show further that
if the material system is a harmonic oscillator, then it is
possible to derive a JCM (Jaymes Cummings model) that
is necessarily more accurate than any derivable QRM
(quantum Rabi model) for finding ground-state aver-
ages.”
It is well-known that the spectra and the physical prop-
erties of a harmonic system constituted by two coupled
harmonic oscillators is very far from those of a system
constituted of a two-level model interacting with a har-
monic oscillator (QRM). Hence, the fact that the dipole-
gauge QRM, which is an highly non-linear model is not
able to describe harmonic oscillators is not surprising.
However we are not able to catch the meaning of a highly
nonlinear model, used as a fit to to reproduce only some
very limited feature of the physics of two coupled har-
monic oscillators (weak excitation limit).
We could elaborate in significantly more details and
considerations, however, this is not the right place for a
detailed analysis of the results in Ref. [4].
In the present work, we have shown how to apply the
fundamental gauge principle to TLSs in order to derive
a gauge-invariant QRM. Of course, this procedure works
fine, until, taking also into account the interaction with
the gauge field, the two-level approximation is meaning-
ful. Naturally, if the detuning between the field and addi-
tional transitions becomes comparable with the coupling
strength, these cannot be ignored anymore, and the two-
9level approximation is no more adequate.
VII. CONCLUSIONS
In contrast with the claims of Stokes and Nazir [5],
we have shown in Sect. IV of this work that the results
presented in Ref. [6], and also used in Ref. [7], are cor-
rect, deriving them with an alternative, more direct and
fundamental method. This derivation shows that the re-
sults in Ref. [6] are not only correct, but they constitute
the only route (to our knowledge) to implement, in a fully
consistent and physically meaningful way, the fundamen-
tal gauge principle in truncated Hilbert spaces. We have
also extended the results in Ref. [6] to asymmetric two-
state systems.
In addition, the method used here allowed us to obtain
the gauge-invariant QRM beyond the dipole approxima-
tion, which is one of the main results of this work. Note
that the problem of a quantum-mechanical system, whose
state is effectively restricted to a two-dimensional Hilbert
space and which interacts with the electromagnetic field
in various regimes, is ubiquitous in physics and chemistry
[17]. Hence, the availability of a general gauge-invariant
model describing this widespread physics is highly desir-
able.
The results in Sect. IV shows that the results in Ref. [6]
also fit well in the great tradition of lattice gauge theories
opened by Kenneth Wilson [11]. Lattice gauge theories
constitute a powerful reference example where it is pos-
sible and also vital to maintain the gauge invariance of a
theory after reducing the infinite amount of information
associated to a continuous coordinate [11], contrary to
the claims of Refs. [4, 5].
A noteworthy feature of this derivation of the gauge-
invariant QRM is that, in the present case, the two-site
lattice spacing is not externally controlled, in contrast to
general lattice gauge theories. Here, the effective spacing
a between the two sites is only determined by the transi-
tion matrix element of the position operator between the
two lowest energy states of the effective particle, which
in turn determines the dipole moment of the transition.
In Sect. V we have also disproved the criticism by
Stokes and Nazir [5], claiming that the results in Ref. [6]
rest on an incorrect mathematical assertion.
We conclude with some key observations from
Sect. VB, where we pointed out that the analysis here
and in Refs. [6, 7] also remove gauge ambiguities in the
experimentally observable quantities, including the de-
tectable light-matter entanglement in the ground state
of cavity-QED systems, even in the presence of Hilbert
space truncation. This is one of the main results of
Ref. [7]. The key point is that measurements (as, e.g.,
experimental clicks or transmission amplitudes) are data
that do not care about gauge representations. Therefore,
if our approximations are applied consistently, as theo-
reticians, we should provide numbers which are not af-
fected by gauge transformations. Of course, as theoreti-
cians we can play with different representations, but all
of them must be consistent. Reference [7] shows that this
is the case even under extreme conditions, as in the pres-
ence of deep ultrastrong light-matter interactions and/or
non-adiabatic ultrafast switches of the interaction. All
this works even in the presence of relevant approxima-
tions, if these are carried out in a consistent way.
If a theory is to be useful and meaningful, it should re-
move any ambiguities in the description of experimental
data – so a theory that is introduced to be ambiguous
and not gauge invariant, ultimately is not very useful; so
claiming such a theory is more correct is futile.
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